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Chapter 1

Integration

1.1 Antiderivatives and Indefinite Integration

9
9./:B8dx:x+0.
9
11./dt:t+C.
13. /ldt 7_1_0
3t2
15/ dr = 2\/x + C.

17. /sinﬁd@——cos@—i—C.
19. /569d9:569+(}.

21. /dt
6 ¢t

23. /(t2+3)(t3—2t)dt:/(t5+t3—6t)d €+Z—3t2+c

+C’.

25. /e”daj =e"x+C.

1
27, / ~do=In(ja) + C.

(a) What is the domain?

The function is In(|x|) so we need x > 0. The domain is (0, c0).

0 &t -

T



(c) What is the domain of In(—x) ?

We need —z > 0 therefore 2 < 0. Domain of the function In(—zx) is (—00,0).

(d) Find di of In(—xz).
x

1
x

(e) /idfc:{ In(—), if 2 <0

In(z), ifz>0

d [m(—x)} _

dzx

29. f(x)—/f’(x)dw—/sin(x)dw——cosa:—i—C.

f(0)=2= —cos0+C=2,=-14C=2=C=3= f(z)=—cosz +3.
31. f(ac):/f’(x)d:v:/sec(m)Qdaz:tanx+C.

f(%):5:>tan%+(7=5,=>1—|—C=5:>C'=4:>f(:n):tanx+4.
33. f’(a;)—/f”(a:)dw—/5dx—5a?+0.

f0)=7=5+x0+C=7,=20+C=7=C=7= f(z) =5z +T.

2

f(x):/f’(a:)dx:/(5x+7)d:c:5;+7m+C.

52
f(O)=3:>O+0+C:3,:>0+C:3:>C:3:>f(x):%4_71;4_3.

35. f/(z) = / P (2) dy = / 5e® da = 5e® + C.
fl0)=3=5%xe"+C=3,=25+C=3=C=-2= f(z) =5e* — 2.
f(x):/f’(x)dx:/(5e$—2)dx:5e””—2w—|—0.
F0)=5=5-0+C=5=5+C=5=C=0= f(z)=5e" — 2z.

1.2 The Definite Integral

5. (a) /01(—21‘+4)dx:(1*2)—{—;*(1*2):2—1-1:3.
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2
(b)/o(—2x+4)dm:;*(2*4):4.
3
(c)/0(—2x+4)d:13:4—;*(1*2):3.
d ’ 2 4)dx = i 2 4)d ’ 2 4)dx =0
()/1(—:L‘+)a:—/1(—x—|—)x+/2(—x+):U—.
4
(e)/2(—2:L‘+4)d:v:—;*(2*4):—4.

() /01(—6334—12)d$:3/01(—2x—|—4)d:1::3*3:9.

2 92
9. (a) /0 f(w)dw:%:ﬂ.
4 92
(b)/Qf(a:)dx—z—ﬂ.
4 92
(c)/of(w)dxzjz%r.

@ [ or@a=su2=10

19. /03<f<x>g(m))dx=/03f<x>dx/039<x>dx=7 [/02g<m>dx+/:g<x>dx]
=7—(-3+5)=5.

21, /Og(af(:c)+bg(a:))da::0:>a/03f(x)da:+b/ogg(a:)dx:0.

= Ta+b(-3+5)=0=Ta+2b=0fora=2=144+20=0=b=—T.

0 5 5 5
23, /5 (s(t)—r(t))dt:—/o (s(t)—r(t))dt:/o r(t)dt—/o s(t) dt.

5 3 5
:/0 r(t)dt—(/o s(t)dt—i—/g s(tydt) =11 (10 +8) = -T.

5 5 5
25. / (ar(t) +bs(t)) dt =0 = a/ r(t) dt + b/ s(t)dt =0= 1la+ 18b = 0.
0 0 0

—11
choosea:1:>11+18b:O:>b:K.
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1.3

D.

11.

27.

29.

Riemann Sums

4 4
1)(2n + 1 4559
Zﬁ:(ZzQ)fl:”("Jr )6("+)1: *6* —1=29.

Z sin (%) = sin(—m) + sin (%) + sin(0) + sin (g) +sin(r) =0—-14+0+14+0=0.

-1+2-3+4-54+6=3.

(—=1)*cos(im) = (=1)%cos(0) + (—=1)* cos(m) + (—=1)% cos(27) + (—1)> cos(3m)+.
=0

(—1)* cos(4m) 4 (—1)° cos(5m) = 6.

3
/ 22 da.
-3

Ar=——-—>-=1.
6
1= —3 To = —2.
3= —1 x4 =0 5 =1 Tg = 2.

f(xl) =9 f(l‘g) =4 f(xg) =1.

f(za) = flxs) =1 flwg) = 4.

3 6
/ dr =) fx)Az=9+4+1+0+1+4=19.

—3 i=1
/ sinx dz.
0
A$:7T—0:I a:i:ﬂ.
6 6 6
T T m 2 om
.%'1—6 .%'2—3 .CL’3—2 .TU4—3 1'5—6 Tg =T
1 3
fay=sin@) =1 fen=sn@ =Ly —sn) -1
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35. /3 (3z — 1) dz.

3—(—1 4 44 4 1
Az = ( ):f :EZ:—l—i——Z. Tit1 1+ (i+1)
n n n n
:>xi_l‘l—|—l'i+1_ 1 47 + 2
2 n

n

3 " 12 +6 16 48i
o [ nae= s (can B RSy Ry Ly

=1

48 1 24 24n? + 24 24
:_16+7M+7:_16+$+7‘
n 2 n n n
3 2400 4+ 240 24
=1 —de=-16+ ——""— =12.
n 0:>/1(3x ) dx 6 + 100 + — 10 8.
3 24 % 100% 4+ 2400 24
=1 —1)dz = -1 = 8.48.
n 00:>/1(3:1: ) dx 6 + 1002 +100 8.48
3 24 % 1000% + 24000 24
= 1000 = 3z —1)dx = —16 — 8.048.
" / Bz —1)de * 10002 " 1000
24n? + 24 24
lim (=164 =g ="+ 2 ) = 16424 =38
n—oo n n

1.4 The Fundamental Theorem of Calculus
3 3z 222 3 3
2 B e _ 3,2
5./1(333 —2x+1)dxf<3 5 —i—w)’ =(z°—x —i—a:‘l
=(271—-9+3)—(1—1+1)=20.

R R RO

/ sec? zdx = tanx

(=N

T
=tan — —tan0 = 1.
an4 an
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1 T 1 5 —
11./ 5% dr = >

1
554 24
-1 In51-1

In5 5In5
13.

T

™
/ (2cosx — 2sinx) dr = (2sinz + 2 cos )
0

= (2sinm+2cosm) — (28in0 + 2cos0) = —4.
4

4 3
t214 2 34 16
15. \/Edt_/t%dt_; Y
0 0 510 0 3
8 3 48 3 45
17. 3dr = — = —(16 —1) = —
/1903 v=37, =3 )=
2 2
1 12 1 1
19/2d$:/ .’L’izdx:——) :—<7_]_>:7‘
1 T 1 x 1 2 2
1
1 1 1 1
21./xdx:a:2‘ =-_—0==
0 2 0 2

1
141 1
23. / a:3dx:f:c4’ = -.
0 4 4

2
1 1 16
31. / 2idr=-2% = Z(848) = —.
» 37 73

4 2 =2
=4f(c) = 4% = :>c2:f:>c:—,—.
J(©) 3 V3 V3
16 16 2 41 12
33./ \/Eda:—/ 23 dr = Zx2 6:—8
0 0 3 0 3
128 28
fle)(16 —0) = — =16

9
) 1 T 1 T -1 2
35. y =sinz = Ave = / sinxdr = —(—cosx)| = —(cosm —cos0) = —
m—0Jp 0 us
1 1 ‘1 1 e 1 1
. == 1 Ave = —dt = 1 = Ine—1Inl) = :
39. ¢g(t) ton[,e]:> ve 6_1/1 tdt e—lntl e_l(ne nl) p—
234z 34z 2
1 d 1 1 d 3z +1
. F(z) = —dt = F'(z) = — —dt = —(? = —
53. F(z) /2 P (z) dm/g t x3—|—xdx(x +) 3+
x2 0 x2
55. F(:):)—/ (t+2)dt—/ (t+2)dt+/ (t+2) dt.
T T 0
x 1'2 d 2?2 xT
:—/ (t+2)dt+/ (t—|—2)dt:>F’(:c):[/ (t~|—2)dt—/ (t+2) ]
0 0 dz L Jo 0
d d
=2 +2)—%) — (2 +2)—(z) = (2* +2)2z — (2 +2) = 22° + 32 — 2.
dx dx
Math 1274
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Chapter 2

Techniques of Integration

2.1 Substitution Method

. 1 1 .
3. x3—5:u:>3x2dx:du:>/u7du:8u8+C:8(x5—5)8+C.

d
5. mg—i—l:uéQxdx:duéxdx:?u.

1
11. Vo =u= ——=dz = du = —=dx = 2du.
x

:>/26“du:26“+C:2e‘/5+C'.

1 -1
13. —+1:u:>—2d:v:du.
T x

O U
:>/—udU—2u +C = 5 (:1:+1) +C.

15. sinx = u = cosxdx = du.

1 1
:>/u2du:3u3+ngsin3$—|—C.

17. 4 —x = u = —dx = du.

:>/—sec2udu: —tanu+ C = —tan(4 —x) + C.

19. tanz = u = sec® xdz = du.
2 1 3 1 3
= | u du:§u +C:—§tan xz+C.

1
25. 23 = u = 32%dr = du = 2%dx = gdu.



31.

35.

37.

51.

93.

79.

2.2

1 1 1
:>/36“du:3e“+C:36x3+C.

1
Inz =u= —dzr = du.
T

1 1
:>/udu:2u2+C:2ln2w+C.

9 2
/de__/a: +$+da:——/x+3+dx—— fx2+396+1n|37‘+0'
T x T x 2

x
r+1 T o z+1 x—3x 2x v

1 1
:§x3—§x2+x—21n|x+1|—|—0.

2
x
——dx.
/(x3+3)2 v
du

:B3+3:u:>3x2dx:du:>x2d:x:?.

-1
= | —wdu=—+C=——+C.
/3u2 “ + 3@ +3
9 —du
1—=x :u:>—2wdx:du:>xd:c:?.

/du— —Vu+C=—-vV1-22+C.

1—2°=u= —2zdx = du.

r=0=u=1.

r=1=u=0.

0
-1 0 1
:>—/ utdu = —u| = .
1 ) 1 5

Integration by Parts

. /:Ue_xdx.

U=z = du=dz. e ¥dr =dv= —e% =0.

= /xex de = —xe * + / e fdr=—ze " —e ¥ =e¢"(1+2x).
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7. /x?’ sinx dx.

u=2>= du=32%dx. sinxdr = dv = —cosz = v.
:>/a:381nxd:c:—x?’cosx—i—?)/aczcosxda;.

w= 2= du = 2zdz. cosxdxr = dv = sinz = v.
:>/x3sinxd:v:—:U3cosx+3<w281nx—2/wsinxd:v).
u=x=du=dzx. sinxdr = dv = —cosz = v.
:>/x3sinajdac:—x3cosx+3<x251nx—2<sin$—xcosx)).

9. /a??’exdar.

u=12%= du = 3zdz. efdr = dv = e* = v.

= /:B?’ex dr = 23e® — 3/.%'26x dzx.

u=1>= du=2xdx. efdr = dv = e = .
:>/£L' dm—xe—B(me—Q/xexdx).
u == du=dz. e*dr = dv = ¥ = v.

:>/:U T dy = x3e® —3(1’6 —2(:Ue ew>).
11. /e“’sinwdaz.

u =sinz = du = cos zdzx. eTdxr = dv = e* = .
:>/ezsinxd:c:exsinx—/excosa:dx.
u = cosx = du = —sinxdz. erdr = dv = e* = .

:/ezsinxd:c:exsina:— (excosx—l—/exsinxd:r).
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1
= 2/exsinxdx =e"sinz — e*cosz = / e’sinzdr = iem(sinx — cosx).
13. /ezx sin 3z dx.
. 2x 1 x
u = sin 3z = du = 3 cos 3xdzx. e dac:dv:>§e = .
2x . 1 2x . 3 2x
= | e¥sin3xdx = 56 sin 3x — 3 e“* cos3x dx.
: 2x 1 x
u = cos 3x = du = —3sin 3zdz. e“tdr = dv = 56 = .
1 3/1 3
= [ e*®sin3xdr = ~e**sin3z — - (fex cos3z + = [ e*®sin3z da:).
2 2\2 2
2r _: 1 2r _: 3 T 9 2r _:
= | e“*sin3xdxr = 56 sm3x—16 cosBx—Z e sm3xd:n).

13
4

1 3
2 sin 3z dxr = §€2$ sin 3z — 16"” cos 3T

4
= /62” sin 3z dx = %e% sin 3z — %ew cos 3.
21. /(:E—2)ln:vdx.
1 1 )
u=1Inzr= du=—dx. (a:—2)dx:dv:>§(:v—2) =.
x
1 ) 1 ,1
= ($—2)lnwdx:§(x—2) Inx — 5(1’—2) ;daz.

1 5 1 [2?—4x+4
—i(x—2) ln:U—Q/mdx.

1 1 4 1 1
:2(:6—2)2ln33—2/(93—4+$)dm:2(3:—2)21nx—4932+233—21n:c+0.

23. /xlnaﬁQdm.
2 2 1
U=z :>du:2xdm:>/xlnx dx:/2lnudu.

w:lnuidw:ldu. du =dv = u=no.
n
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= ;(ulnu/Zdu) = %u(lnuf 1) = %x2(lnx2— 1) +C.

39. / rsinx dx.
0

U=z = du=dz.

iy
:>/ rsinxdr = —xcosx
0

sinzdx = dv = —cosz = v.

s

T iy
+ cosrdr = xcosx
0 0 0

s
+smx
0

= (— 7rcos7r+0cosO) + (Sinﬂ‘ — sinO) = .

ENE]

-7

41. / 2 sinz dx.

4

u=12°= du=2xdz.

2

sinzdr = dv = —cosx = .

s
4 4

= T 51nxdx——x2005x+2/ z cosx dx.
-_n

-

4

u=2x = du=dzx.

= $2Sinde:<—$200S$+2($Sin$—COSLB)>

Inv2 R
43. / ze’ dzx.
0

u=1>= du=2xdr.

4

cosxdr = dv = —sinx = v.

in
4

r=0=u=0 r=vVIn2=u=1n2.

Inv2 1
= / ze® dr = =
0
2

45. / re 2% du.
1

u=x = du=dr.

2 1
= / re P dy = ——ge
1 2

7(:0.
.
In2
1 In2 1
/ edu = -e" = —.
2 Jo 2 o 2
—2x 1—290
e dx:dv:>—§e = .
2+1/2 —Qxd __1 —23:2 —1 —2z
Y R R S PR

1 5 3
- *(674 — 672) = "¢t + Ze 2

4 4

2

1.

Math 1274
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47.

2.3

g 2
e“* cosx dx.

jus
2

. 1
U = cosx = — sinxzdz = du. eXdr = dv = —§GQQE = .

[ME]

3 1 1
é/ eQxcosxdx—zezxcosx—i—z/ 2 sin x dz.

us
2

[ME]

. 1
% = sinx = — cos xdx = du. eXrdr = dv = 5621 = .

[VE]

=

—

oy

2 1 1/1 1
2 cosxdr = 56% cos T + *(*621 sinx — /

2x
53 5 e Cosxdm>.

[VE]

s
2 1 1
/ 2 cosx dr = §€2x cosx + Ze% sin z.

Trigonometric Integrals

. / sin® z cos z dxx.

Let sinx = u = cosxdx = du = /singwcoswd:c.

1 1
:/u3du:4u4+C:4sin4x+C.

/sinSmcosgxda?— /sin?’xcostcos:cdx = /sin3ac(1 — sin? ) cos  dz.

Let sinz = u = coszdx = du = /sin3 z(1 — sin? x) cos x dx = /u3(1 — u?) du.

1 1 1 1
—/(u3—u5)du—4u4—6u6+0—4sin4x—ﬁsin6x+0.

. /sin2:5cos7xd:c:/sir12azcosﬁxcosxdac:/sinzx(l—sin2 z)3 cos  dz.

Let sinx = u = cosxdxr = du = /sin2 z(1 — sin? z)? cos z da.

:/u2(1—u2)3du:/u2(1—3u2+3u4—u6)du:/u2—3u4+3u6—u8du.

Math 1274 Minh Phuong Bui & Pichmony Anhaouy Solutions
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1 3 3 3
= - S0+ S0 = S + 0= Zsindx — Ssin’z + S sin’

1 .. 9
3 5 7" 79 3 5 7sinte —gsintw+C.

1 1 1 1
11. /sin5mcos3xdﬂc: 2/(sin2x+sin8x)dx = 5(— §COS2Q:— §0058x> +C.

1
= —Zcos2x— EcosSx—i—C.

17. /tan4a:sec2xdx.
1
n:2:>k:1=>/tan4xse02xdx:/u4(1+u2)1_1du:/u4du:5u5+C.
1 5
= —tan’z + C.
5
27./ sin z cos* z dz.
0

1
m:1:>k:0:>/sin:ccos4xd:c:—/(1—u2)0u4du:—/u4du:—5u5.

™ 1 T
: 4 5
= / sinxcos” rdx = —g COos" T

2
o 5

us

jus jus jus
2 2 2
29. / sin? z cos” z dx = / sin? z cos® z cos z dx = / sin? z(1 — sin® )3 cos z du.

™

VB
INE]

2
t v = sinx = du = cos xdzx.

1 1 1 2
:>/ (1—u?) du—(§u3—§u5+;u7—§u9>‘1:%.

2
31. /

Let w = sinx = du = cos zdzx.

2
cosx cos 2z dr = / cosz(1 — 2sin® z) d.

™

[NIE]
N

! 2 go\1 2
= cos z(1 — 2sin? ar)d:c—/ (1—2u2)du:<u—§u3)‘ =3

—z —1
2.4 Trigonometric Substitutions
1 1
./\/x2+1dx—2:c x2+1+§ln]w+\/ac2+1\+0.
1 1
./\/l—xde:2a: 1—x2+§arctanﬁ+0.
1 1
9. /\/x2—1dx:Q:U\/xz—l—2111]3:—1—\/3:2—1\4—0.
/\/4352 da:—/\/ (2)2 dx_ 422 + 1 +—1n]2x+\/4m2 1|+ C.

13 / V@22~ 1de = %495\/(43;)2 - %m iz + /@) 1|+ C.

[

ot

J

11.

—_

15. der =3 dx = arcsin — 77 + C.

7=

Math 1274 Minh Phuong Bui & Pichmony Anhaouy Solutions
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5
16. ————dzx =5 de =5Inlz + V22 —-8|+C.
/\/352—8 | |

1
/ /9:2—(\/5)2
i [V E LT L

oz
x2 — arcsm—) + C.

V5

1 1
1 1
27./ \/1—m2da::/ \/12—x2d:v:g 1—x2+§arcsin(:v)’ -
-1 1 _

1 1 1 1 T
— 1= 2 ares (i1 12t aesin(—1)) =
= 2\/1 1+ 5 arcsin(1) (2 1 1%+ 5 arcsin( 1)) 5"
s . 8 2 o 1 jus
29. /2 sin?(z) cos” () dz = _sm(a;)_cs; (z) + 717 /2’; cos’ () da.

sin(x) cos®(z) 1,1
ol

- cos® (z) sin(z) + g /_’5 cos®(x) dw).

sin(z) cos®(z z
_ ()9() + %(% cos®(x) sin(x) + g@ cost(2) sin(z) + 451/_

sin(z) cos®(z
= ()9() + % cos®(z) sin(z) + 6 (1 cos(z) sin(z) + 4 /

sin(z) cos®(z z
— sin(z) cos®(z) + 1 cos®(z) sin(z) + 6 cos*(x) sin(z) 24 / cos®(z) dz.

9 63 315 " 315 _z
' ° 1 24 (1

= sm(:c);:os(x) + 3 cos®(z) sin(z) + % cos? (z) sin(z) + 305 <§ cos”(x) sin(z)+
9 s
3 /_i cos(x) d:c).

2

' ® 1 24 /1
= (sm(m);os(aj) + 3 cos®(x) sin(z) + % cos*(x) sin(z) + 315 (§ cos® () sin(z)+
2 . 3 48 ¢ o . T 96 32
55in(@))) e o5 (#n(5) —sin(5)) = ge = o1

31. /1 V32 —a?dr = (E 9— 22+ ga]rcsin(f)) ‘1 = 9 arcsin <1> + V8.
1 2 2 377141 3

2.5 Partial Fractions Decomposition

7 /de/wdx
") 22 +3x—-10 ) (z+5)(z—2)

Math 1274 Minh Phuong Bui & Pichmony Anhaouy Solutions



13.

15.

o4 B [A@-2+Bats)
_/(:L‘+5)+(33—2)d _/ Gih@—2

= Alx—2)+B(x+5)=T7r+7=2(A+B)+ (B —-2A) =Tz + 1.
A+B=7 N A
5B—2A=7 B

Tx+7 4 3
:>/:62+3$—10 * /($+5)+(x—2) x nlx+5)+3n|x |+ C

4
3

/_Zldx__llfldx
) 3221277 3 ) (z-2)(x+2)

4 A B —4/A(x+2)+B(x—2)dx'

=3 ) e-2 T mr® T3 @+ 2)@—2)

= Alx+2)+Bx—-2)=1=2(A+B)+ (2A—-2B) =1.
A+B=0 N A=
2A-2B =1 B

:>/_4 do = 4/ ! L4
30212777 73) 4w—2) 4@+2)""

e

N

1 1
:—gln|m—2|—|—§ln|x—|—2|+0.
—1222 — z + 33 A B C
dz = dz.
/(x—l)(m+3)(3—2x) v /((m—1)+x+3+3—2x> v

= Az +3)(3—22) + Bz —1)(3 - 22) + C(z — 1)(x + 3) = —1222 — 2 + 33.

= 2%(—2A4 - 2B+ C) + 2(-3A+5B+2C) +9A — 3B — 3C = —122% — x + 33.

—2A-2B+C =-12 A
—3A+5B+2C=-1 = (¢ B
C

Il
CRFNCRNGY

9A —-3B —-3C =33

/<(xill)+mf3+3_02$)dx:/((xil)+$_2i_3+3_22w>dx.

=5In|z —1|+2Injz + 3| —1In|3 — 22|+ C.

2 +z+1 22 +r—2+3 3
dr = " " T dr = (1 7)(1.
/9:2+:c—2 o / 22+ x—2 v / +x2—i—x—2 v
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17.

21.

23.

3 3

A
:I+/<(x—1)+(xf2)>d$

= Az +2)+B(z—1)=3 = 2(A+ B) + (24 — B) = 3.

A+B=0 N A=1
2A-B=3 B=-1"

A _
:>x+/(($—1)+(x62)>dx:x+/<(aji1)+ (:n+12)>dx‘
=z+Injz—1]—-Injz+2|+C.

222 — 42+ 6 2(x? — 22 + 3)
/x2—2x+3 o / 22043 ° / £=20+C

/ 622 4 8z — 4 d$_/_/( A, Bz+C )dw
(x —3)(x2 + 62 +10) ~ ) r—3 2246z+10/

= A(z* 4 62 + 10) + (Bx + C)(z — 3) = 3.

= 2%(A+ B) + 2(6A — 3B + C) + (104 — 3C) = 62° + 8z — 4.

A+B=6 A
6A-3B4+C=8 = B
C

2
4 .
10A—-3C = —4 8

:>/< A n Bx +C )da:—/( 2 . 4x + 8 )dm—
r—3 x224+6x+10 a x—3 22462+ 10 o
2 doe + 8 2 4dor+12 -4

d ———dx = d —_—dx.
/:n—?, z+/x2+6x+10 o /x—?, $+/$2+6$+10 v

2 2r + 6 4
- do4+2 [ =220 g | —— 2 g
/g;—3 v /x2+6x+10 o /a:2+6a:+10 o

1
_ 2

=21In |z — 3|+ 21In |2 + 62 + 10| — 4arctan (z + 3) + C.
2% — 20z — 69 A Bz +C
de = | = dx.
/(1‘—7)($2+2:p—|—17) v / /(m—7+332+23:+17) *

= A(2? + 22 +17) + (Bx + C)(xz —7) = 3.
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= 2*(A+ B) +2(2A - TB+C) + (17TA — 7C) = 2 — 20z — 69.

A+B=1 A=-2
2A—TB+C=-20 ={ B=3
174 — 7C = —69 C=5

A Bx+C -2 3z +5
dz = ( dz.
i/(:10—74_3324—230—%17) v / $—7+ZL‘2+2£L‘—|-17) &

3r+3+2
— 9|z —7 DETITE
nlz |+/m2+2m+17 v

(x+1) / 2
— 2|z — d da.
n 7|+3/:p2+2x+1+16 SR B mrs e i T

(x+1) / 1
— 2Mn|e— ) ey —
21n|z 7|—|—3/($+1)2+42 T+ EFSIEEwE x

1
)+ C.

3
= —21n|x—7|+§1n|x2—|—2x—|—17\+arctan(m1—

622 + 452 + 121 A Bx+C
25. de = | = dz.
/(x+2)(a;2+101’+27) v / /(m+2+x2+10x+27> v

= A(z? + 10z + 27) + (Bx + C)(x + 2) = 62° + 452 + 121.

= 2%(A+ B) + 2(10A + 2B + O) + (27A + 2C) = 62* + 45z + 121.

A+B=6 A=5
10A+2B+C=45 = B=1
21A+2C =121 C=-7

A Bz +C 5 z—7
do = dz.
:>/<x+2+x2+10x+27) v /(m+2+x2+10x+27> v

é/(A—i— Bx+C )dm/(5+ -7 )dm
x+2  x2410x+27 - r+2 22410z + 27 '

r+5—12
x.
22+ 10z + 25+ 2

=5ln]a:—|—2]—|—/

5 1
:5ln|x—|—2]—|—/x+dx—12/(dx.

(x+5)2+2 x+5)2+2
1 )
:51n]az+2]+§ln\x2+10m+27] — 6v/2arctan (az\—/g )—l—C.
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14x 4 6
27. dx.
/(3.’[)-1—2 :U+4 / / 3z 42 ZL‘—|—4)

= A(z+4)+ B3z +2) = 14z + 6.
z(A+3B)+ (4A+2B) = 14z + 6.

A+3B=14 A=-1
4A+2B =6 B=5

5 5 _
/0 (396124_3:54)6&7_/0 <3xi2+x—?—4>dx'

1 5 9 17
:—§1n|3:17—|—2|—|—51n]:n+4\‘0:51n<1> —gln<2 )

! x ! r+1-1
29./ 5 dx:/ 3
0 (x+1)(22+2x+1) 0 (x+1)(22+2x+1)

! z+1 ! 1
:/ dx—/ dx
0 (x+1)(22+2x+1) 0 (x+1)(22+2zx+1)
L | L | 1 1 IR |
/0 (x +1)2 v /0 (x+1)3 “ ( 3:+1+2(x+1)2)0 8

2.6 Improper Integration

() t 1
7. / 2% dr = lim 2% dr = lim ( — 565721)
0

t—o00 0 t—o00

0 0
1 1
11. / 2%dr = lim 2"dr = — lim (2° —2') = —.
oo t——o0 J, In2 t——co In2
0 t

dr + lim

00 0 00
1&/ zﬁ(mf/“7Mw/ St —dr = lim : im [ ——dx
o T2+ 1 o T2+ 1 0 x2+1 to—oo J, 22 +1 t—oo Jo x? +1

1 0 1 :
:hmme+w44m7mﬁ+w:
2 t t—oo 2 0

t——o00
15. im [ e ( 1 1)— 1
(z—1)2 £&2(x—n2x_£&x—1 =t (i -
1 1 11 t1 19
19. / — / d:c+/ —dx = lim —dx + lim — dzx.
x 1T 0o T t—0 1 t—0 t X
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23.

¢ 1
= limIn ]x\‘ + lim ln\a:|’ = 0.
=0 1 =0 t

o0 t
/ ze ¥dr = lim ze Pdr = lim (a:e_m
0

t—o00 0 t—o0

t t
+ / e ” d:p).
0 0

= lim (te*t —et4 eo> =1.

t
= lim (xefm — efx>

t—o0 0 t—o0
o0 2 0 2 o0 2 1 2 0 t
25. / ze ¥ dx = / ze ¥ dx —|—/ ze ¥ dr= lim ——e® | + lim —=e .
— o0 oo 0 t——oco 2 t—oo 2 0
1 1
———(1-0)—=(0-1)=0.
S1-0) — 50— 1)
1 1 1 1 /1
27. / zlnxdx = lim/ zlnxdr = lim (f:c2lnm - / l‘dﬂ?).
0 t—0 f; t—0 \2 2/
1 1 1 1
— 1 <7 2lng— = 2)‘ N
s\ T ), T T,
o0 t
33. / e Tcosxdr = lim e Tcosxzdzr.
t t
/ e Tcosrxdr = —e Tcosx — / e Tsinzdx.
0 0
t
= —e *cosxz — ( —e Fsinz +/ efmcos:vdx)
0
t 1 t
= / e “cosxdr = —e “(sinx — cosx)) :
0 2 0
o0 1 t 1
= / e “coszrdr = - lim (e“”(sinx - cosz:))‘ =_.
0 t—o0 0 2
2.7 Numerical Integration
5. (a):
10
/ S dx.
0
10—-0
Az = —4 = 2.5. Here, f(z1) = f(2.5) = 12.5, f(z2) = f(5) =25, f(x3) = f(7.5) = 37.5, f(x4) =
f£(10) = 50.
10 2.5
/ S5tz dr = ?(0 +2(12.5 + 25+ 37.5) + 50) = 250.
0
5. (c):
10 10
/ Sz dr = S = 250.
0 2 o
Math 1274 Minh Phuong Bui & Pichmony Anhaouy Solutions 19



11.

11.

13.

(a):
/3 Mdm.
-3
Ar = 3 —i—?,) = 1.5. Here, f(zo) = f(—3) =0, f(z1) = f(-1.5) =

f(15) = 3*2/5 f(x2) = £(3) =0,

/\/—7:;;26195— 0+2(M+3+i)+0) (1+\/§).

(c):
3 3
/ \/9—x2dx:<g 9—x2+garcsin§)‘_3:g7r.

2 4
Az = 5 213- f(zo) = f(—1) :Qef(ﬂflzzf(—g)ZGQaf(fﬁz):
e =1, f(e1) = f(3) = €5, flzs) = f(3) =3, flwg) = f(1) =€ =

1
1
/ 2 dx = 8(e +2(2e5 + 265 + 1) + e) = 3.0241.
-1

15. / zsinx dx.
0
T—20 T T T V3r
Ax = 5~ & Here, f(fﬂo):f(o):O;f@l):f(g):ﬁ, f(z2) )IT,f(m) =
T T 2 T 5 51
1G5) =G A0 = F(5) = = fla) = 1(55) = 35 f(@o) = £(x)
i T T 3 0w T 5
i = — 2l —+ —+ =+ — = 3. .
/0 rsinxdr 12(0—1— (12+ 5 —&-2—1—\/3—1—12)—1-0) 3.0695
21. (a):
4
1
—dx.
\/>
3 3
9 —2.5 9
-2 - 1 M =1.
f 43: 198 < fr <= 1 < =
(4-1)°
Er = .0001 = 150.
T Ton2 < 0.000 =n 50
23. (a):
5
/ 2t dz.
0
7= 1222 0< f7 <300 = M = 300.
5-0)3
Er = 300( ) < 0.0001 = n = 5591.
12n2
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Chapter 3

Applications of Integration

3.1 Area Between Curves

1

1
5. A:/ (3x3+3x+2)(332+:131)dx:/ (=323 — 2% + 22 + 3) d.
-1 —1

B 3, 134 9 >’1_16
7( 435 336 +x° 4 3z = )

s
= T.
0

7. A:/ (sinx—i—l)—(sinm)da::/ ldx =x
0 0

= 2V2.

S

5
9. A:/4 (sinz — cosz)dr = (cosx + sinx)
%

11. 222+ 52 —3 =244z —1=2°4+2—-2=0=z =1,—2. Thus,

1 1
1 1 1 9
A—/ (2x2—|—5x—3)—(x2+x—2)dx—/ (22 +x—2)de = (fx3+fx2—2x>’ =—.
9 9 3 2 -2 2
. 2x T T . ..
13. sinze — — =0= 2z = —3 0, 7 Due to symmetry property, we take integral for the positive part
T

(from O to g), and double the result.

jus 2 2
A:2/2<sinar—x)dx:2<—cosx—$>’ :2—1
0 m m /10 2

15. 2—vVz=0=v2(vz—1)=0=2=0,1.

[NIE]

T

19. A:/O1 (\/a?+;x>d:c+/12 <(—2m+3)+%x>dw

2 1 1 1 2
(e (e 1) -
3 4 0
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1 1
21, ——y+1=-1’=> —y+2=9y =9y>+y—-2=0=y=—2,1. So,

23.

2 2

1 1
1 1 1 1y 1 1L 9
A= [ ()4 /(‘ =g )dv=gr' |+ (gL, =
/_1 V) WE N\ Ty T Ty )Wy L T T YY), T

3_
The line goes through (1,1) and (2,3) isy — 1 = 5
The line goes through (1,1) and (3,3) isy — 1 = 3

The line goes through (2,3) and (3,3) is y — 3 =

_1(x—1):>y:2(a;—1)+1:>y:2:c—1.

3—

1
_1(m—1):>y:(m—1)+1:>y:a:.

3—3

3_2($—3)éy:3.

Intersection points are (1.5,1.5), (3,3) and (2, 3). Therefore,

A:/12((2x—1)—x>dz+/23(3—:c)dx:/l

1, 2 1 o\ 3
= (=22 - S =1.
(3 -], + (32— 32°)

2

5

3
(a:—l)da;+/2 (3 —z)dx.

Math 1274
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Chapter 4

More Applications

4.1 Continuous Income Streams

1.

o0 1 s 6—51" —e TS 6—51"
PV = / 200 " dt =200+ Tim ( 76_”)‘ =200 lim &% —200- .
5 S—00 r 5 S—00 r r
1 _’6_5T 1 _’6_5T e—5r —5r —5r —5r —5r
1000 | ——| = PV = 1000- | ——— | =200- =5-be =" =6 =5=e " =
r r r
5 6 1 6
ST =2 o= 5ln<5) ~ 3.64%.
40 40 2000 —0-09¢ 140
. The future value is FV = f(t) dt = / (2000 4 400¢)e2 00— g — 36 {009} +
0 0 —U. 0
te—0.09t  ,—0.09¢ 740 et
3.6 — = 2,371,230. Note that we use the fact that /e” = — +cand /te” =
—-0.09  —0.09%], r
tert ert
— — + ¢ when evaluate this integral.
r r
The answer is $2,371,230, which in current dollars assuming a 4% rate of inflation is $478,743 - enough to

40
live on for a good number of years. The amount of principal deposited is / (20004-400t)dt = 400, 000,

0
which leaves roughly two million of interest - the lion’s share. Note that even the first $2000 deposited
becomes $73,200.

7
The present value of saving is / 10,000e %1% gt = ... = $50, 340. The present value for maintenance
0

7
and repair is / (1000 4 200t)e %1% gt = ... = $8149.60. The present value of the scrap for $1000 in

0
7 years is 1000e~%107 = $496.60. So, the maximum amount that we should be willing to pay now is
$50, 340 + $8149.60 + $496.60 = $42, 687.

4.2 Consumers’ and Producers’ Surpluses

1.

a) D(z) = S(z) = 100 — 0.052 = 10 4+ 0.1z = 0.15z = 90 = = = 600 = p = 100 — 0.05(600) = 70.
So, the equilibrium quantity and price is (70, 600).

600 600
b) CS = / [D(az) - 70} dr = / [30 - 0.05:4 dx = 9000 (dollars/unit), and
0 0

600 600
PS — / [70 - S(w)} de = / [60 - 0.13;] dz = 18,000 (dollars /unit)
0 0
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3. a)D@)=8@x) =" =" =29 r=24+3=20=6=12=3=p=e ~403. So, the
equilibrium quantity and price is (403, 3).

3 3
b) CS = / [D(x) - 403} dx = / [eg_x - 4()3} dx = 45,432 (dollars/unit), and
0 0

3 3
PS — / [403 — S(x)} dr = / [403 — ex+3] dz = ... (dollars/unit).
0 0

5. a) D(z)=8(x) =>20e® =5 = e =4= 22 =In4=2In2= 2 =1n2 = p=>5e"2=10. So,
the equilibrium quantity and price is (10,1n2).

In2 In2
b) CS = / [D(x) - 10} dx = / [206_:0 - 10} dx = 3.07 (dollars/unit), and
0 0

In2 In2
PS = / [10 — S(w)} dr = / [10 - 5696} dx = 1.93 (dollars/unit).
0 0

4.3 Probabilities

o0 1 s 6757“ — e TS 6757“
1. PV :/ 200 - ¢~ dt = 200 - lim (— fe—’”t)‘ —200- lim ——— % —900. %,
5 5—00 r 5 §—00 r r
1—e™ 1—e™ e —5r _ —5r —5r —5r
1000 |———| = PV = 1000 | ——— | = 200- =55 T =e M =6 T == e =
T T T
5 6 1. /6
g:>€5r:*:>7':51n<3>%3.64%.
40 40 —0.09¢ 740 —0.09¢ —0.09¢t 7140
2000e te e
3. FV = t) dt = 2000 +400¢)e%09(40-1) gy — 36 | 22 3.6 -
, 0 /0 (2000+400¢)e ¢ 009 |, ¢ | 009 ~ 0092,
rt tert ert

— — + ¢ when evaluate

= 2,371,230. Note that we use the fact that /ert . +c and /te’"t = 5
r r r
this integral.

The answer is $2,371,230, which in current dollars assuming a 4% rate of inflation is $478,743 - enough to
40

live on for a good number of years. The amount of principal deposited is / (20004-400t)dt = 400, 000,

0
which leaves roughly two million of interest - the lion’s share. Note that even the first $2000 deposited
becomes $73,200.

7
5. The present value of saving is / 10,000e %1% gt = ... = $50, 340. The present value for maintenance
0

7
and repair is / (1000 4 200t)e=%1% dt = ... = $8149.60. The present value of the scrap for $1000 in

0
7 years is 1000e~9107 = $496.60. So, the maximum amount that we should be willing to pay now is
$50, 340 + $8149.60 + $496.60 = $42, 687.
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Chapter 5

Multivariate Calculus

5.1 The Three-Dimensional Coordinate System

1. Position now (—3, 4, 1); distance travelled is 3+4+1 = 8 units; distance from origin = 1/(—3)2 + 42 + 12 =
V26 ~ 5.0990 units.

1 (—3,0,1) (-3,4,1)

1+7 2-3 1+4)_<4 _1 §>

2 ' 2 2 ) \7 229)

b) Take(1+6t,2—5t,1+3t)’ 0:(1,2,1)EPl;take(1+6t,2—5t,1+3t)‘ — (146,275,1+3) =
t

3. a) Midpoint P 3 between P; and P, = <

(7,-3,4) = P». Notice, Py = (1+6t,2 — 5¢,1+ 3’5)’ 12
t=

c) If Q(2,7,—5) lies on the line through P; and P», then there is a common t-value that will give
Q. Start with z-coordinate: 2 = 1 + 6t = t = 1/6; next y-coordinate: 7 =2 — 5t =t = —1.
Different t-values for each coordinate means () is not collinear with P; and Ps.

5. 2+ 42t rtytz=0=>22 4+t ty+22+2=0=224+2(1/2)z + (1/2)2 + 9% +2(1/2)y +
(1/2)% + 22 +2(1/2)z + (1/2)* = 3(1/2)* = (x + 1/2)® + (y + 1/2)* + (2 + 1/2)? = 3/4. Centre:
(-1/2,-1/2,—1/2); radius: v/3/2.

7. Plane x = 8: 64 + y? + 22 = 100 = y? + 22 = 36. Circle in yz-plane with : centre (0,0); radius: 6.

9. Plane z = 10: 2 + y? 4+ 100 = 100 = 22 4+ y* = 0. Circle (point) in zy-plane with: centre (0, 0);
radius: 0.
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5.2 Planes and Surfaces

1. a)

TRUE: planes’ orientation is determined by their normals (relative size and sign of each variable’s
coordinate); so if two normal are each parallel to a third normal, then they must be parallel
to each other; so the planes are parallel. Without normals terminology: if two planes are
parallel, then the coordinates for each variable are in a fixed ratio (planes = + y + z = d; and
—TTx — 77y — 77z = dg are parallel); therefore, if if planes #1 and #2 are each parallel to plane
#3, then the ratio of coordinates for the three variables of #1 to those of #2 will also be in a
fixed ratio.

FALSE: consider planes z + y + 2z = d; and y = da: they are both perpendicular to the plane
T — z = d3 but are not parallel to each other. Notice, however, that the converse is TRUE: two
parallel planes will be perpendicular to the same planes.

FALSE: A plane parallel to a line means that the plane is parallel to a plane through the line (the
plane can be moved - translated - so it contains the line); two non-parallel planes can certainly
pass through the same line. For instance, planes x +y + 2z = dy and y = d2 are both parallel to
the line, passing through the origin, = = z, but as was argued in part (b), those planes are not
parallel.

TRUE: The quick answer is again using normal: the each plane’s normal is perpendicular to
that plane; so if two planes are perpendicular to one particular line, then those planes’ normal
must be parallel to the line, and so parallel to each other; and so the planes must be parallel.

3. The plane bx — 13y + z = —7 passes through all three points - you can check by substituting each
point.

5. A point on the line of intersection of the planes must satisfy both planes’ equations. That is, if the
point is (p,q, ), then p+ g+ r =6 and p — g + r = 0; subtracting these equations gives, ¢ = 3 and so
p + r = 3; pick two p-values, say p = 0 and p = 1; The associated points are (0, 3,3) and (1, 3, 2).

7. a)

b)

The domain of f is all (x,y) such that 1 +z +y > 0; that is, the line y = (1 + z) is the excluded
boundary, and y-values should be larger than (1+ z); as shown in figure below, where the feasible
region is shaded and its diagonal edge is not included.

The range of In (1 + z + y) is R, all real numbers.

5.3 Functions of Several Variables

z=1:y=<1+x

12 oy = (z 4+ z)?, with z,y > 0. So for z = 0,1,2: 2 =0=y = z,z > 0;

1/2)? 1/2)?
/ ) sand 2 =2 =y = (2 + 2/ ) . The contours are in ascending order: the

— T

lowest (and thinnest) is for z = 0; the highest (and thickest) is for z = 2.

Math 1274
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Contours question 3.3

— o — - —
ONEEOOON DD

5. z=zeY = y=1In(z/x) =Inz — Inz, when z and z are positive, and In (—z) — In (—z) when both
are negative. For z =1 =y = —-Inz; 2 = -1 =y =—-In(—z); 2=e =y =1—1Inz; and
z=e =y =1—In(—=z). The curves appear in symmetric pairs (reflected about the y-axis); the
positive z-values, the first and third functions, are the thin curves on the right, positive side; the
negative z-values, the second and fourth functions, are the thicker curves on the left, negative x-axis
side; the lower curves are for the first two functions, with |z| = 1; and the upper curves are for the
second two functions, with |z| = e.

Contours question 3.5
?’.
6.

7. yz-traces: = 0=z = (2y)? = 4y*; = 1 = 2z = (2y — 1)%2. These yz-plane graphs. .

yz-traces guestion 3.7
9_

rz-traces: y=0= 2z = (—2)> =22, y=1/2 = 2z = (1 — 2)%. These zz-plane graphs.
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¥z-traces question 3.7
9_
8_
?’_.
6_
5_
44
3_

9. yz-traces: © = 0 = z = —y, the lower, thinnest line (passing through origin); t =1 =2 =1 -y,
middle line; x = —2 = 2z = 4 — y, upper, thickest line. These yz-plane graphs. .

yz-traces question 3.9

A

rz-traces: y = 0 = z = 22, the middle, thinnest line (tangent to x-axis at origin); y = 1 = 2z = 2% — 1,
the lowest line; y = —2 = z = 22 + 2, the top, thickest line (with z intercept 2). These xz-plane
graphs.

xz-traces guestion 3.9

5_

[

11. yz-traces: © =0 = z = 2(Iny — In 3), the lowest, thinnest line with the z-axis its vertical asymptote
s x=1= 2z =1In <1+ %), the top line tangent to the y-axis at the origin; x = 1/3 = 2z =

In (1 + y?) — 2In 3, the thickest line crossing the z-axis near z = —2. These yz-plane graphs. .
rz-traces: y = 0 = z = 2Inzx, the lowest, thinnest line with the z-axis its vertical asymptote ;
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yz-traces question 3.11

-10-

y=1= 2z =1In (2% +1/9), the thickest line crossing the z-axis near 2 =2; y =3 = z = In (22 + 1) is
the highest line tangent to the z-axis at the origin. These xz-plane graphs.

¥z-traces question 3.11

5.4 Partial Derivatives

_ 2 (y\1/3 B 2 (27\1/3 2
1. fx(x,y)—100-§~(g> :>fx(8,27)—100'§'(§> —100- 5 -

$100.00 additional production for each additional hour labour used.

g = 100. That is, the MPL is

3. a) f.(0,0)=0 [looks maybe < 0];

b) f4(0,0) =

c) fu(=2 )

d) fy(—2,0) > O [looks maybe = 0.

5. fo=—T2x; fy, = —128y; fuz = —72; foy=0; f,, = —128. Thus, we have D = (—72)(—128)—(0)* =
210 - 32 = 9216(> 0).

y Yy 1 o
7 f =2, fyzlnx, fow = _?’ fzy: ;7 fyy:O. Thus, we have D = <_72) . (0) — <E) —

9. fo=ye", f, =1 +y)e" Y, fop =ye" Y, ngy (1+y)e™™Y, f, = (2+y)e" Y. Thus, we have
D= (yert) - (2+m)e™) = (L +yet?) = 2 (1) <o,
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—2zy z? — 92 2xy
11. f$_ 2+y27 fy + 9 9 fl‘z:ma fq:y:m7 fyy:m. rthlS7 we have
D:( —2zy )( 22y )_(xQ—yQ )2:_¥<0‘
(22 + y2)2 (22 + y2)2 (22 + y2)2 (22 + y2)2

0z 0z 0z
13. 2 = flay) y = == - =
3 oz Flay) -y = 890’1,1 5, and 2 Ay = flay) o 8y’1,1

F(aw) + £ (xy) - wy, 2y = £'(an) -2 S0, D(e,y) = —(£/(e9)) — 20y (an) f'(a9) = D(1,1) =5

= 5. Now, 2z = f"(zy) - y?, Zay =

15, a) f(o,y) =ar®y’ = fo =002y, fy = afay’, fur = aa(a = 1)2 %,
foy = aafz® Y7 fy, = aB(B ~ )53(1@/6

b) D(w,y) = (aa(a—1)2"2?) - (aB(8—1)a"y"?) - (aaﬁxa—lyﬁ—lf = a2y (1
o — 5) = @222 20011 — (a+ B)}. When, o+ =1, D(z,y) =0 for all (z,y) € R

5.5 Maxima and Minima

1. e at (o,o,f(o,o) - 0), T(z,y) = +y. <0,0,f(0,0) - 0), T(z,y) = f(0,0) + f.(0,0)(x — 0) +
fy(0,0)(y —0) =z +y.

o at (1,0,7(1,0) = n2), T(a,y) = F(1,0) + Lo(1,0)(x 1) + £,(0,0)(y —0) = In2— + Jw+ 1y
at (1,0, 7(1,0) = 2), T(r,y) = F(1,0)+ fo(1,0)(x — 1) + £,(0,0)(y ~0) =2~ + o+ oy

o at (1,1,f(1,1) - 1n3>, T(z,y) = In3 — g n ;a;Jr Zl’iy' a; (1,1,f(1,1) - 1n3>, T(z,y) =
FOLD+ L0 D@ =1+ f(1L 1) -1) =3 - 2+ o+ 2y

o at ( 1, f(1,-1) = 0), T(z,y) = o +y. at <1,—1,f(1,—1) - 0), T(z,y) = f(1,-1) +
oL, =) (x =1+ fy(1,-D(y+ 1) =z +y.

3. fa=2x+2, fy =2y —2. So, at (1,1,f(1,1) = 2), we have T'(x,y) = f(l D+ fo(L,D)(z—1)+
Fo(L1)(y—1) =2+44(z—1)+0(y— 1) = —2+4a. Thus, £(0.9,1.1) ~ T(0.9,1.1) = —2+4(0.9) = 1.6.
T(z,y) = —2+ 4. £(0.9,1.1) ~ T(0.9,1.1) = —2 + 4(0.9) = 1.6.

5. a) D = (1)(1) — (=2)2 = =3 < 0. So, it is a saddle point.

(-2) = (1)2=1>0, foe = —1 < 0. So, it is a local maximum.

(1) — (0)2 = —1 < 0. So, it is a saddle point.

2 2
7. fx:3x2+2x:$(3x+2):0:>33:0,—§, fy:—3y2+2y:y(—3y+2):0:>y:0,§. So, we

2 2 2 2
have four points: (0,0), (—g,O), (O, g), ( 3 3) Now, fre =62+ 2, fo, =

fyy = =6y +2 = D(x,y) = (62 +2)(—6y +2) — (0)* = 4(3z + 1)(1 + 3y). Then, we have

e D(0,0)=4>0, f22(0,0) =2 > 0= the point is a local minimum.

2
° D( 3’ ) = —4 < 0 = the point is a saddle point.
2
° D(O, §> = —4 < 0 = the point is a saddle point.
2 2 C .
° D( 3 §> =4>0, fm( 3 g) < 0 = the point is a local maximum.
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1 2y —1 1 8 xy’+8 5

9. f$:—ﬁ+y: ) :ij:ﬁ,fy:.’[“k?: y2 :0:>$y = —8
1 1 1 1

>z —=-8=2=—--=2=—==y=4. So, we have a point: (—7,4>.
x? 8 2 2

2 16 2 16 32
NOVV7 fa;m = ﬁ’ fxy = 1, fyy = —yig = D(m,y) = <ﬁ><_ yi'?’) — (1)2 = _a’;Ty3 — 1. Then,

1 1
we have D( — 5,4) =3>0, fm< — 5,4) = —16 < 0 = the point is a local maximum.

2.2
11. f, =322 — 6y =0= 2 = 2y, fy:—6x+3y2:0j2:c:y2. From here, we get <%) =2y =

y4:8y:>y4—8y:O:>y(y3—8) == y=0,y=2=2x=0, 2 as well. So, we have two points:
(0,0), (2,2).
Now, fre = 62, foy = =6, fyy =6y = D(x,y) = (6x)(6y) — (—6)* = 36(zy — 1). Then, we have

e D(0,0) = —36 < 0 = the point is a saddle point.

. D(Q, 2) =108 > 0, frz (2, 2) =12 > 0 = the point is a local minimum.

13. f =6y —2x=0= 3y =2z, f, = 6x — 184> = 0 = = = 3y%. Solving these two equations gives
y=y>=y=0,1=2=0, 3. So, we have two points: (0,0), (3,1). Now, fux = —2, fay =6, fyy =
—36y = D(z,y) = (—2)(—36y) — (6)* = 36(2y — 1). Then, we have

e D(0,0) = —36 < 0 = the point is a saddle point.
e D(3,1) =180 >0, f.2(3,1) = —2 < 0 = the point is a local maximum.

5.6 Lagrange Multipliers

1. Here, g=2? + 4> — 1. fu = gz =22 =A2z) =z =0o0r A=1,but 2 # 1. f, = \gy = 1 = \(2y).

If =0 we have y?> = 1 = y = +1, and)\:i%. But, ifx#O,thenA—l#y—i?x—j:\ég.
So, we have four points: (0,1), (0,—1), (j: \ég, %) Thus,

e f(0,1) =1, corresponding to A = %

e f(0,—1) = —1, which is a minimum, corresponding to A\ = —%.

31 5
. f( + \Qf’ 5) =1 which is a maximum, corresponding to A = 1.

3. Here, g = 32z + 5y —47. fp = Mgz = 2(x — 1) = 3\. fy = Agy = 2(y —2) = 5A. This gives

2 2
A= g(a} —-1)= g(y —2) = —5x + 3y = 1. Together with 3z + 5y = 47, we can solve for = and y to

be x =4, y =7. Thus, f(4,7) = 30, which is a minimum, corresponding to A = 2.

11 1 1
5. a) f(Z,Z):f,correspondingto)\zl. Here, g=vVz+y—1. fo=Agz =1=X-——, x> 0.

2 2/x’
1
fy =Agy = 2 = X- ﬁ, y > 0. This gives A\ = 2/z = 2,/y = x = y. Together with
Y
1 1 11 1
Va +/y =1, we can solve for x and y to be z = T Yy = T Thus, f(Z’ 1) =35 corresponding

to A =1.
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y:(l—\/E)Q:y’:Q(l—\/})-(——):1—x71/2:>y”:%a:73/2>0.

c) At this point, contour z = ~ is a tangent to the constraint \/z 4 ,/y = 1. Points (0,1) and (1,0)

since y/x 4 /y = 1 meets implicit constraint constraints y > 0 and

SN

are corner point solutions
x> 0.
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Chapter 6

Differential Equations

6.1 Graphical and Numerical Solutions to Differential Equations

1. No Selected Questions.

6.2 Separable Differential Equations

d
D. y/+1—y2:0:>y’:y2—1:>ézgf—l.

—d :>/ dy/dxé/y_l(y_i_l)dy—/dx
:;/<yi1>dy‘;/@il>d?’:/dm

1 1
:>§ln|y—1]+§ln\y+1\:x+0

7. xy :4y:>@ 4y:>dy:dx:>/1dy:/1d$.
dx x 4y x 4y x

1
izln|y|:ln|ml—i—0

—2x
2z

e
9. ®yy =e Ve BV = Ty =e Y+ = eyyey =1+e”

1 6721
= yy'e¥ = Y = yeldy = (e7% + e 3%)da.

=ye¥ —e¥ = —e " — 373 4 C.

13. 4 = sine _dy _ sinx

= écosydy:sinxd:cé/cosydy:/sinmdx
cosy dxr  cosy

:>siny:—cosx+C:>sin%:c030+C':>C:2
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= siny = —cosz + 2.

2x dy 2x 2xdx 2x
15. ¢ = === ———=ydy = = dy = d
Y y+a2y dr  y(x?+1) YW= /y 4 /x2+1 o

1
y2=1n(x2+1)+0:5(—4)2:1n(o+1)+0:»0:8.

DN

=

1
:>§y2—ln(x2+1):8.

,  zln(z?+1)

17.
Y y—1

:>(y—1)dy::cln(x2—|—1)d:cé/(y—l)dy:/xln(x2+1)dx.

1 1
:>§y2—y:§<(m2+1)1n(x2+1)—(x2+1)> + C.

12— (04 DO+ )~ (04 1)+ 0= C= L

L 5 _ Lo 2 2 1
= 3 y—2<(x +1)In(z"+1) — (2 +1)>—|—2.

1
cos? 2y

1
19. 3 = (cos? x)(cos? 2y) = dy = (cos® z)dx = / dy = /(Cos2 x)dx.

cos? 2y

1 1 1 1
= —tan(2y) = /(cost—{—l)d:B: —sin2x + -z + C.

2 2 4 2
:>1t 0—1‘0+10+C:>C—0
2 an —4Sln 2 = U.

= 2tan 2y = 2z + sin 2.

6.3 First Order Linear Differential Equations

dy
2y — 3

1
1.y =2y—3= :dx:>/(2y—3)dy:/dx:>2ln(2y—3):x—|—C.

1
y’:2y—3:>1n(2y—3):2m+0:s2y—3:062x:>y:5(062x+3).

3
:>y=§+Ce2x

1 1
3. :U2y'—xy:1:>y'——y:—2éu:ef_%dxé,u:e_h”:—.
x x x

d /1 11 1 1
:>—(—y) ::>y:/x3dm:>y:—a:2+0:>y:—+0x.
rr?  x T 2 2T
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D.

11.

13.

Y =y +2zet =y —y=22e" = pu=c¢

3 cos T 1

(cos?zsinz)y + (cos® )y =1= oy + ——y = BT
sin x cos? rsin x
= €f%d$ _ €1n|sin:1:\ _ \sinx|.
d . sin 1 . 1
= —(ysinz) = ————— = ——— = ysinzr = 5— dr =tanz + C.
dx cos?xsinx  cos?w cos? x

=y =secx + Ccscx.

I’3y/ _3$3y — $462$ = y1_3y :l,eQz == e—de;U — 6—31.

= d—(ye*:)’z) =ze ¥ = ye 3T = /xe’” de = ye 3 = —ze™® —e 4+ C.
x

=y =—xe® — ¥ 4 Ce3* = 0 — (x4 1)e*.

—1ldz _ _—x
I =e

d
:>d(yex):2x:>yex:/2a:dac:>yex:x2+C:>y::czez+Cex.
X
y(0) =2=2=0"+Ce" = C =2 =y = 2%e” + 2.

T+2
xy/+(x+2)y:m:>y'+7x y=1.

z+2 2
== ef Zde _ efl—i-zdm _ prtlnz _ 2.x

d
= d—(yﬁe‘”) = 2%e® = yale® = /xQex dr = ya’e® = z%e® — / 2ze” dx.
x

= yale® = z2e” — 2(1‘6$ — / e’ dm) = yale® =zl — 2(me$ — e‘v) +C.

Lo 2,2, C

v= x  x?  xZer’
C 2 2

Y1) =0=0=1-2424—=>C=—e=y=1——+————.
& X xr xree

T+ 2 2re "
1)y 2y =2zxe ™ =9/ = .
(z+ 1)y + (z +2)y = 2ze Yo+ YT oo

= pu=ce P dr _ getinfe+l] (x+1)e”.
d 5 2?2+ C
édx(y(:v+1)ex)—2:U$y(3:+1)ex—/2xd:c—ac —|—Céy:m.
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15.

6.4

C 241
y0)=1=1="sC=loy=— "

1 (x+1)er’
2 z+1
2 / 2 /
—1 2y = 1) = = .
(@ -y +2y=@+1)" =y +5—y=—"—7
_2 2 11 In [z—1|
su=e P Jemem @ Z J (G w4 2 nle—t-Injat1] _ Zlnmu'
_r—1
S r+ 1

d(yx_l):1:>y<z;1>:/dx:x+C:>y:W.

Modeling with Differential Equations

dy

dy 1
1y = k(10 —y) = x?/loyy / T

10 —y

= —In(10 —y) = kz + D = (10 — y) ' = F=+P,

1 1
= 10—y = Eeh® WhereE:eDilo—y:Eeka.

1
—e7k oy =104 Ce ",

=y =10—
y E

who have not heard the rumor.

dy dy / dy /
o ky(250 —y) = F (250 — 1) dt = 2350 —9) dy kd

iz%o (;+2501_y)dy:/kdt:>/(31/4—2501_2/) dy:/250k:dt.

Y
250 —y

= Iny — In(250 — y) :250kt+D:>1n( ):250kt+D.

1

75

y(3) =75 = In <7250 -

) — 750k — In(240).

. Let y be the number of students who heard the rumor at any time so (250-y) is the number of students
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1 75 * 240 1 720
Lo () () <o
=k =0 n 175 70 n - 6.18210

y 1. /720
1 ( )271 (—)t—l 240
"os0—y/) T3\ 7 n(240)

80 percents of the students have heard the rumor so y = 200.

200 1. /720
= In (m) =3 <7>t — 1n(240) = t = 4.45 days.

7. Let T denote the temperature of the object at any time t.

ar

- = k(T — (60 + 20e%2%)) = T — kT = —k(60 + 20e~92%).

= p=el Rl =k o g(Te ") = —ke (60 + 20e 027 dt.

20
=T —kt — / —k —kt 60 20 —0.25¢ dt = 60 —kt —t(k+0.25) C
e e (60 4 20e ) e "+ 1 025° +
20
= T =60 —0.25t C kt'
Trro2s¢ T

T(0) = 100 and T(20) = 80 = T = 60 — 3.69858¢ 2% 1 43.69858¢~0-0390169¢

11. Let y denote the amount of salt in the tank at anytime t.

Rate in = 1 x4 = 4(g/min). To calculate rate out, we need to calculate the volume at anytime t,

Volume:1+(4—3)t:1+t:>Rateout:1LH*3:13—$

dy 3y , 3 [ de 3
7:4_7:> P :4:> = 1+t = 1 t .
dt i gt p=c (1+1)

S d(y(1+8)%) = 41+ 1)%dt = y(1+1)® = /4(1 Pt = (140 4 C.

=y=1+1%+ 3 We have y(0) =2=2=1+C=C=1.

C
(1+1)

=>y=(14+1t)+ = y(10) = 11.00075.

1
1+
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